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LOG-SCALE EQUIDISTRIBUTION OF NODAL SETS IN GRAUERT
TUBES
ROBERT CHANG AND STEVE ZELDITCH
Abstract. LetMτ0 be the Grauert tube (of some fixed radius τ0) of a compact, negatively
curved, real analytic Riemannian manifold M without boundary. Let ϕλ be a Laplacian
eigenfunction on M of eigenvalues −λ2 and let ϕCλ be its holomorphic extension to Mτ0. In
this article, we prove that on Mτ0 \M , there exists a dimensional constant α > 0 and a
full density subsequence {λjk}∞k=1 of the spectrum for which the masses of the complexified
eigenfunctions ϕCλjk
are asymptotically equidistributed at length scale (logλjk )
−α. More-
over, the complex zeros of ϕCλjk
also become equidistributed on this logarithmic length scale.
1. Introduction
Let (Mn, g) be a compact, negatively curved, real analytic Riemannian manifold without
boundary. Let ∆ = ∆g be the (negative) Laplacian. We denote by {ϕj}∞j=0 an orthonormal
basis of eigenfunctions:
(∆ + λ2j)ϕj = 0,
where (as usual) eigenvalues are enumerated in increasing order 0 = λ0 < λ1 ≤ λ2 ≤ · · · ↑ ∞.
To date, no distribution law is known for real nodal sets of Laplacian eigenfunctions on M .
But, in the manner of [Ze1], we are able to obtain a small-scale limit distribution of the
complex nodal sets of the analytic continuations of eigenfunctions to the Grauert tube Mτ0
of M . By ‘small-scale’ we mean length scales that shrink logarithmically with respect to
the frequency parameter λj . This is the smallest scale to which quantum ergodicity may be
presently localized, as seen in Hezari-Riviere [HeR] and Han [Ha]. Along individual geodesics,
equidistribution of complex nodal sets is proved down to the scale λ−1 in [Ze3] using quite
different arguments.
By a well-known theorem of Bruhat-Whitney, any real analytic manifold M admits a
complexification MC into which it embeds as a totally real submanifold. The metric g on
M induces a plurisubharmonic function ρ whose square root
√
ρ : MC → [0,∞) is called the
Grauert tube function. There exists a geometric constant τ0 = τ0(M, g) > 0 so that, for each
τ ≤ τ0, the sublevel set
Mτ := {ζ ∈MC : √ρ(ζ) < τ}
is a strictly pseudo-convex domain in MC. We call Mτ the Grauert tube of M of radius τ .
The (1, 1)-form ω := −i∂∂¯ρ endows Mτ with a Ka¨hler metric and (M, g) →֒ (Mτ , ω) is an
isometric embedding. (The unusual sign convention that makes the Ka¨hler form negative is
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adopted from [GSt1].) We write
dµ := ωn and dµτ :=
ωn
d
√
ρ |∂Mτ
=
ωn
dτ
. (1)
for the Ka¨hler volume form on Mτ and the Liouville surface measure on ∂Mτ , respectively.
There exists a diffeomorphism E, defined in (7), between Mτ and the co-ball bundle B
∗
τM =
{(x, ξ) ∈ T ∗M : |ξ|gx < τ}. The Ka¨hler form ω on Mτ is the pullback under E of the
standard symplectic form on B∗τM . Conversely, E endows B
∗
τM with a complex structure
Jg adapted to g. Definitions and background are recalled in Section 2; see also [GSt2, LS1].
Every eigenfunction ϕj on M admits an analytic extension ϕ
C
j to the maximal Grauert
tube Mτ0 . The analytically continued eigenfunctions are smooth on the boundaries ∂Mτ for
every τ ≤ τ0. The complex zero set of ϕCj is the complex hypersurface
Zj := {ζ ∈Mτ0 : ϕCj (ζ) = 0}.
The zero sets define currents [Zj] of integration in the sense that for every smooth (n−1, n−1)
test form η ∈ Dn−1,n−1(Mτ0), we the pairing
〈[Zj ], η〉 :=
∫
Zj
η =
∫
Mτ0
i
2π
∂∂¯ log|ϕCj |2 ∧ η
is a well-defined closed current.1 In the special case η = fωn−1, the zero set defines a positive
measure |Zj| by
〈|Zj|, f〉 :=
∫
Zj
fωn−1, f ∈ C(Mτ0).
The limit distribution of the zero currents [Zj ] has been investigated in [Ze1]. It was
shown that on a compact, real analytic, negatively curved manifold, one has
1
λjk
[Zjk ]⇀
i
π
∂∂¯
√
ρ weakly as currents on Mτ0 (2)
along a density one subsequence of eigenvalues λjk . The motivating problem of this article
is to obtain a similar convergence theorem on balls inMτ0\M with logarithmically shrinking
radii of size
ε(λj) := (log λj)
−α for some fixed α > 0 to be specified.
The parameter α depends only on the dimension, and is independent of the frequency λj .
The resulting log-scale convergence theorems, Theorem 1 and Theorem 8.2, along with their
proofs, are generalizations of those in [CZ] in the setting of eigensections of ample line bundles
over a compact boundaryless Ka¨hler manifold, but have several new features.
Theorem 1. Let (M, g) be a real analytic, negatively curved, compact manifold without
boundary. Let ω := −i∂∂¯ρ be the Ka¨hler form on the Grauert tube Mτ0. Assume that
0 ≤ α < 1
2(3n− 1) , ε(λj) = (log λj)
−α.
1Since Zj may be singular, we include background on the last statement in A.
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Then there exists a full density subsequence of eigenvalues λjk such that for any f ∈ C(Mτ0)
and for any arbitrary but fixed ζ0 ∈Mτ0 \Mτ , we have∣∣∣∣∣ 1λjkε(λjk)2n−1
∫
Zjk∩B(ζ0,ε(λjk ))
fωn−1 − 1
ε(λjk)
2n−1
∫
B(ζ0,ε(λjk ))
f
i
π
∂∂¯| Im(ζ − ζ0)|g0 ∧ ωn−10
∣∣∣∣∣
= o(1). (3)
Here, ω0 := −i∂∂¯|Im(ζ − ζ0)|2g0 denotes the flat Ka¨hler form in local Ka¨hler coordinates
centered at ζ0, with | · |g0 the Euclidean distance. The o(1) remainder is uniform for any ζ0
lying in an ‘annulus’ 0 < τ1 ≤ √ρ(ζ0) ≤ τ0.
Theorem 1 is deduced from a rescaled version given in Theorem 8.2. The latter theorem
is stated using the holomorphic dilation introduced in Section 3.1. Briefly, define dilation
operator Dζ0ε(λj) : ζ 7→ ζ0 + ε(λj)(ζ − ζ0) in Ka¨hler normal coordinates around ζ0. The zero
currents [Zj ] on shrinking balls B(ζ0, ε(λj)) pulls back to currents Dζ0∗ε(λj)[Zj] on a fixed
unit ball B(ζ0, 1) ⊂ Cn. The normalizing factors in Theorem 1 arise from homogeneity and
rescaling: ωn−1, ωn−10 are homogeneous of degree 2n−2 and iπ∂∂¯| Im(ζ−ζ0)|g0 is homogeneous
of degree 1. The scaling of the nodal current on the left side is the same as that of its limit
current i
π
∂∂¯| Im(ζ − ζ0)|g0.
Remark 1.1. In the statement of Theorem 1, the center ζ0 is arbitrary but fixed in the
interior of Mτ0\M and only the radii of the balls are shrinking. Also, note that ζ0 must
lie away from the totally real submanifold M of Mτ0, or equivalently the zero section 0M of
B∗τ0M . Reasons are discussed in Section 1.2.
Remark 1.2. The zero sets Zj may be singular but it is known that the singular set of the
real nodal set is of real codimension four (see A). For generic metrics, all of the nodal sets
are regular [U].
Knowledge of the log-scale L2 masses of eigenfunctions is required to deduce Theorem 1.
To state the relevant result, we need some more notation:
Θj(ζ) := ‖ϕCj |∂M√ρ(ζ) ‖L2(∂M√ρ(ζ)), Uj(ζ) :=
ϕCj (ζ)
Θj(ζ)
, (ζ ∈Mτ0 \M)
In words, the normalizing factor Θj(ζ) is the L
2-norm (of the restriction ϕCj |∂M√ρ(ζ)) of
ϕCj along the boundary of the Grauert tube of radius
√
ρ(ζ). The function Uj is the (the
unrestricted) complexified eigenfunction ϕCj normalized by this L
2-norm. Finally, let
uτj (Z) := Uj(Z) |∂Mτ=
ϕCj (Z) |∂Mτ
‖ϕCj |∂Mτ ‖L2(∂Mτ )
, (Z ∈ ∂Mτ , 0 < τ ≤ τ0)
be the restriction of Uj to the Grauert tube of radius
√
ρ(ζ) = τ . (We denote points by Z
instead of ζ when working on a fixed slice ∂Mτ .) The global behavior of L
2 masses of Uj and
uτj are known. Specifically, [Ze1, Lemma 1.4, Lemma 4.1] proved the existence of a density
one subsequence {ϕjk} of orthonormal basis such that
|Ujk |2 ωn ⇀ ωn and |uτjk|2 dµτ ⇀ dµτ (4)
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in the sense of weak* convergence on C(Mτ0) and on C(∂Mτ ) for each 0 < τ ≤ τ0, re-
spectively. (Recall (1) for the definitions.) Integrating over Mτ0 (resp. ∂Mτ ) implies the L
2
masses of Ujk (resp. u
τ
jk
) become equidistributed in all of Mτ0 (resp. ∂Mτ ). It is not known
whether the convergence (4) holds at logarithmic length scales (i.e., simultaneously on all
Ka¨hler balls of logarithmically shrinking radii). Luckily, all that is needed for the proof of
Theorem 1 is a uniform L2 volume comparison theorem, which we presently state.
Theorem 2. Let (M, g) be a real analytic, negatively curved, compact manifold without
boundary. Let ω := −i∂∂¯√ρ denote the Ka¨hler form on the Grauert tube Mτ0. Assume that
0 ≤ α < 1
2(3n− 1) , ε(λj) = (log λj)
−α.
Then there exists a full density subsequence of eigenvalues λjk such that for arbitrary but
fixed ζ0 ∈Mτ0\M , there is a uniform two-sided volume bound
cVolω(B(ζ0, ε(λjk))) ≤
∫
B(ζ0,ε(λjk ))
|Ujk|2dµ ≤ C Volω(B(ζ0, ε(λjk))). (5)
The constants c, C are geometric constants depending only on
√
ρ(ζ0); they are uniform for
any ζ0 lying in an ‘annulus’ 0 < τ1 <
√
ρ(ζ0) ≤ τ0.
Remark 1.3. Only the lower bound in the statement of Theorem 2 – used crucially in a
proof by contradiction argument for Proposition 8.5 around (41)–(42) – is needed to imply
Theorem 1.
Log-scale results of this kind, which we briefly recall in Section 6, were first proved in the
real domain by Hezari-Rivie`re [HeR] and X. Han [Ha]. In the setting of a general compact,
negatively curved, Ka¨hler manifold (not necessarily real analytic), an analogous result can
be found in [CZ, Theorem 2].
Remark 1.4. The semi-classical notation h := λ−1 is also used throughout Section 4–7, in
which we write δ(h) = |log h|−α = (log λ)−α = ε(λ); see (17).
1.1. Outline of proof. Theorem 2 is proved by expressing the L2 mass of uτj (resp. Uj) in
terms of matrix elements of Szego˝-Toeplitz operators on ∂Mτ for 0 < τ ≤ τ0 (resp. Bergman-
Toeplitz operators on Mτ0). We show that a certain Poisson-FBI transform conjugates a
(smoothed) characteristic function of the ball B(ζ0, ε(λj)) to a semi-classical pseudodiffer-
ential operator acting on L2(M) whose symbol has the same properties as (but does not
coincide with) the small-scale symbols used in [Ha]. This conjugation allows us to derive
Proposition 7.2, a variance estimate for matrix elements in the complex domain, by relating
it to the known variance estimate in the real domain of [Ha].
Once the variance estimate is proved, the comparability result of Theorem 2 follows the
path in [HeR, Ha, CZ]. Namely, one chooses an appropriate covering of Mτ0 and extracts
a subsequence of eigenvalues of density one for which one has simultaneous asymptotic log-
scale QE for the balls in every cover. The balls are ‘dense enough’ that one obtains good
upper and lower bounds for eigenfunction mass in any logarithmically shrinking ball.
Lastly, to derive Theorem 1 from Theorem 2, we follow the method of [SZe, CZ] that uses
well-known facts about plurisubharmonic functions. We begin by rewriting the zero current
[Zj] as ∂∂¯ of plurisubharmonic functions using the Poincare`-Lelong formula (32). A standard
compactness theorem yields the desired result.
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1.2. Singular behavior along the real domain. We briefly discuss the reasons for re-
quiring centers ζ0 of balls to lie in Mτ0\M .
The key tool in studying the mass and zeros in the complex domain is the complexified
Poisson operator P τ : L2(M) → O n−14 (∂Mτ ) defined in Section 2.3. By O−n−14 (∂Mτ ) we
mean the Hardy-Sobolev space of boundary values of holomorphic functions in Mτ with the
designated Sobolev regularity. This Hilbert space is the quantization of the symplectic cone
Στ ⊂ T ∗(∂Mτ ) defined in Section 2.2, an R+-bundle Στ → ∂Mτ . The Poisson operator
is a homogeneous Fourier integral operator with positive complex phase adapted to the
homogeneous symplectic isomorphism ιτ : T
∗M \ 0M → Στ of (9).
The homogeneous theory becomes singular along the zero section 0M , or equivalently along
the totally real submanifoldM . This reflects the fact that the eigenfunctions ϕj microlocally
concentrate on energy surfaces {|ξ|g = λj}, the characteristic variety of ∆+λ2j . In the semi-
classical setting of h2∆ + 1 (with h = λ−1j ), the eigenfunctions concentrate on S
∗M . The
energy level 1 is arbitrary here and depends on the choice of constant C in the semi-classical
scaling hj = Cλ
−1
j . One may adjust it so that eigenfunctions concentrate on any energy
surface ∂B∗τM ≃ ∂Mτ with respect to semi-classical pseudodifferential operators Ophj (a).
But this scaling breaks down on the zero section.
The singularity of the theory along the zero section may be seen in Theorem 4.1. When
conjugated back to the real domain, the symbols become functions of |ξ| and are singular
when ξ = 0. It seems that the behavior on the zero section can be studied by using an adapted
class of observables that smoothly interpolates between pseudodifferential operators when
τ = 0 and Toeplitz operators when τ > 0. We hope to clarify this issue in the future.
1.3. Acknowledgments. We thank the referee for a very careful reading of the manuscript
and for pointing out numerous corrections. We also thank B. Shiffman for contributing to
A.
2. Background
2.1. Grauert tube and the co-ball bundle. The readers are referred to [GSt1, GSt2, LS1,
LS2] for the analysis of the complex Monge-Ampe`re equation, the Grauert tube function,
the geometry of Grauert tubes and related topics. Here we provide only a brief summary of
some notation and theorems needed for this paper, following [Ze1, Ze3].
A real analytic manifold (M, g) always possesses a complexificationMC, that is, a complex
manifold of which M is a totally real embedded submanifold. Let expx : T
∗
xM → M be the
Riemannian exponential map, i.e., expx ξ = π exp tΞ|ξ|2g , where π : T
∗M → M is the natural
projection and Ξ|ξ|2g is the Hamiltonian flow of |ξ|2g. The analyticity of M implies that the
exponential map admits an analytic extension
expCx : Ux ⊂ T ∗xM ⊗ C→MC (6)
defined in a suitable domain Ux ⊂ T ∗xM . Its restriction to the imaginary axis (that is, the
analytic extension in t of expx(tξ) to imaginary time t = i) is denoted by
E : B∗τM →MC, (x, ξ) 7→ E(x, ξ) := expCx (iξ). (7)
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For all τ > 0 sufficiently small, (7) is a diffeomorphism between the co-ball bundle B∗τM =
{(x, ξ) ∈ T ∗M : |ξ|gx < τ} and the subset
Mτ := {ζ ∈MC : √ρ(ζ) < τ} ⊂MC.
Here,
√
ρ is known as the Grauert tube function, and its sublevel set Mτ is known as the
Grauert tube (of radius τ). The restriction E |∂B∗τM of (7) to the co-sphere bundle is a CR
holomorphic diffeomorphism between the two strictly pseudo-convex CR manifolds ∂B∗τM
and ∂Mτ .
The square ρ of the Grauert tube function is a strictly plurisubharmonic function uniquely
determined by two conditions:
• It is a solution of the Monge-Ampe`re equation (∂∂¯√ρ)n = δM , where δM is the
delta-function on the real manifold M with respect to the volume form dVg;
• The Ka¨hler form ω := −i∂∂¯ρ restricts to g along M .
If we write r(x, y) for the Riemannian distance function on M , then r2(x, y) is real analytic
in a neighborhood of the diagonal in M ×M . It possesses an analytic continuation r2(ζ, ζ¯)
for ζ ∈ MC in a sufficiently small neighborhood of the totally real submanifold M . The
plurisubharmonic function is related to the Riemannian distance function by
ρ(ζ) = −1
4
r2(ζ, ζ¯).
For the trivial case M = Rn, we have MC = C
n and
√
ρ(ζ) =
√
−1
4
(ζ − ζ¯)2 = |Im ζ |. More
examples are found in [Ze1].
2.2. Szego˝ projector. Let O(∂Mτ ) denote the space of CR holomorphic functions on ∂Mτ .
We use the notation
Os+n−14 (∂Mτ ) := W s+n−14 (∂Mτ ) ∩ O(∂Mτ )
for the subspace of the Sobolev spaceW s+
n−1
4 (∂Mτ ) consisting of CR holomorphic functions.
The inner product is taken with respect to the Liouville surface measure (1). The Szego˝
projector
Πτ : L
2(∂Mτ )→ O0(∂Mτ ) (8)
is the orthogonal projection onto boundary values of holomorphic function. It is well-known
(cf. [BoS, MS, GSt2]) that Πτ is a complex Fourier integral operator of positive type, whose
real canonical relation is the graph of the identity map on the symplectic cone
Στ = {(Z; rdc√ρ(Z)) ∈ T ∗(∂Mτ ) : Z ∈ ∂Mτ , r > 0}
spanned by the contact form dc
√
ρ = −i(∂ − ∂¯)√ρ on ∂Mτ . Since Στ is an R+-bundle over
∂Mτ , we can define the symplectic equivalence of cones:
ιτ : T
∗M \ 0→ Στ , ιτ (x, ξ) :=
(
E
(
x, τ
ξ
|ξ|
)
, |ξ|dc√ρE(x,τ ξ|ξ| )
)
. (9)
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2.3. Poisson-wave operator. A key object in our analysis is the Poisson-wave operator
P τ : L2(M)→ O n−14 (∂Mτ ).
(Unlike for the Szego˝ projector (8), τ appears as a superscript here because we will be
considering semi-classical Poisson-wave operators, which are denoted by P τh .) The Poisson-
wave operator is obtained from the half-wave operator by analytic extension in the time and
spatial variables. Specifically, recall that the half-wave operator is given by U(t) := eit
√−∆.
When t = iτ lies in the positive imaginary axis, P τ := U(iτ) = e−τ
√−∆ is a complex Fourier
integral operator known as the Poisson-wave operator. As discussed in [Bo, GSt2, GLS],
for 0 < τ ≤ τ0 and y ∈ M fixed, the Poisson kernel P τ( · , y) = U(iτ, · , y) extends to a
holomorphic function on Mτ .
Take for concreteness the wave kernel on Rn as an example. The Euclidean wave kernel
U(t, x, y) =
∫
Rn
eit|ξ|ei〈ξ,x−y〉 dξ
analytically continues to (iτ, x+ ip) ∈ C+ × Cn by the integral formula
P τ (x+ ip, y) =
∫
Rn
e−τ |ξ|ei〈ξ,x−y+ip〉 dξ,
which converges absolutely for |p| < τ .
On a general Riemannian manifold there exists a similar Lax-Ho¨rmander parametrix for
the wave kernel:
U(t, x, y) =
∫
T ∗yM
eit|ξ|yei〈ξ,exp
−1
y (x)〉A(t, x, y, ξ) dξ, (10)
where | · |y is the metric norm function at y, and where A(t, x, y, ξ) is a polyhomogeneous
amplitude of order 0. The holomorphic extension x 7→ ζ to the Grauert tube Mτ0 at time
t = iτ is a Fourier integral operator with complex phase of the form
P τ(ζ, y) =
∫
T ∗yM
e−τ |ξ|yei〈ξ,(exp
C
y )
−1(ζ)〉A(t, ζ, y, ξ) dξ. (11)
The complexified exponential map expCy appearing in the phase function of the parametrix
above is the local holomorphic extension of the Riemannian exponential map as defined in
(6). It is easy to see that the integral converges absolutely for
√
ρ(ζ) < τ . We refer to
[T, Le, Ze2] for proofs and background. The following result is stated by Boutet de Monvel
[Bo]; proofs are given in [Ze2, Le].
Theorem 2.1. Let ιτ : T
∗M \ 0 → Στ be the symplectic equivalence defined by (9). Then
the Poisson-wave operator P τ : L2(M) → O(∂Mτ ) with the parametrix given by (11) is a
complex Fourier integral operator of order −n−1
4
associated to the positive complex canonical
relation
Γ := {(y, η, ιτ(y, η)} ⊂ T ∗M × Στ .
Moreover, for any s,
P τ : W s(M)→ Os+n−14 (∂Mτ )
is a continuous isomorphism.
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It is helpful to introduce the framework of adapted Fourier integral operators. This notion
is defined and discussed in the [BoGu, Appendix A.2]. IfX,X ′ are two smooth real manifolds,
and Σ ⊂ T ∗X \ 0, Σ′ ⊂ T ∗X ′ − 0 are two symplectic cones, then a Fourier integral operator
F with complex phase is adapted to a homogeneous symplectic diffeomorphism χ : Σ→ Σ′ if
the canonical relation of F is a positive complex canonical relation whose real points consist
of the graph of χ and if the symbol of F is elliptic. Theorem 2.1 may be reformulated
in this language as follows: P τ is a Fourier integral operator with complex phase of order
−n−1
4
adapted to the symplectic isomorphism ιτ : T
∗M \ 0 → Στ given by (9). The point
of the reformulation is that one may identify the graph of ιτ with the graph of G
iτ , where
Gt(x, ξ) = |ξ|Gt(x, ξ|ξ|) is the homogeneous geodesic flow defined on T ∗M \ 0. Its analytic
continuation in t is also homogeneous, so we have
Giτ (x, ξ) = |ξ|Giτ
(
x,
ξ
|ξ|
)
.
It is observed in [Ze3] that ιτ (y, η) = G
iτ (y, η). Thus, Giτ gives a homogeneous symplectic
isomorphism Giτ : T ∗M \ 0→ Στ .
In light of Theorem 2.1 and the calculus of FIOs, the operator
Aτ := (P τ∗P τ )−
1
2 : L2(M)→ L2(M). (12)
is an elliptic, self-adjoint pseudodifferential operator of order n−1
4
with principal symbol
|ξ|n−14 . Equivalently, P τ∗P τ is a pseudodifferential operator of order −n−1
2
with principal
symbol |ξ|−n−12 . An immediate consequence of Theorem 2.1, (12) and the symbol calculus of
FIOs is the following.
Proposition 2.2. The operator V τ := P τAτ : L2(M) → O0(∂Mτ ) is unitary (of order
0) with an approximate left inverse given by V τ∗AτP τ∗. Moreover, (Aτ )2P τ∗ : O0(∂Mτ ) →
L2(M) is an approximate left inverse to P τ .
2.4. Analytic continuation of eigenfunctions via the Poisson-wave kernel. Let {ϕj}
be an orthonormal basis of Laplacian eigenfunctions on (M, g) with eigenvalue −λ2j . Then
the half-wave kernel U(t, x, y) := eit
√−∆(x, y) admits the eigenfunction expansion
U(t, x, y) =
∞∑
j=0
eitλjϕj(x)ϕj(y).
It follows that the holomorphic extension to Mτ ×M of the Poisson kernel is given by
P τ (ζ, y) = U(iτ, ζ, y) =
∞∑
j=0
e−τλjϕCj (ζ)ϕj(y), (ζ, y) ∈Mτ ×M.
We therefore obtain a formula for the analytic extension ϕCj of an eigenfunction ϕj to the
Grauert tube. Specifically, if Z ∈ ∂Mτ (so in particular √ρ(Z) = τ), then
ϕCj (Z) = e
τλj (P τϕj)(Z) = e
√
ρ(Z)λj (P τϕj)(Z), Z ∈ ∂Mτ . (13)
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2.5. Szego˝-Toeplitz multiplication operators. Let Mτ0 be a Grauert tube of some fixed
radius τ0. For 0 < τ ≤ τ0 we consider operators of the form
ΠτaΠτ : O0(∂Mτ )→ O0(∂Mτ ), (14)
where by an abuse of notation we write a for multiplication by the symbol a ∈ C∞(∂Mτ ).
The operator (14) is an example of a Szego˝-Toeplitz operator. More generally, such an
operator of order s acting on H2(∂Mτ ) is of the form ΠτQΠτ , with Q a pseudodifferential
operator of order s. For this article it suffices to take Q = a to be a multiplication operator.
A Szego˝-Toeplitz operator might be homogeneous or semi-classical depending on the nature
of Q.
2.6. Poisson conjugation of Szego˝-Toeplitz operators. The conjugation of a Toeplitz
multiplication operator by the Poisson-wave FIO is studied in [Ze1, Lemma 3.1] and in [Ze3,
Section 4.1]
Lemma 2.3. Let a ∈ C∞(Mτ0) and let P τ be the Poisson-wave operator defined by (11).
Then the conjugation
P τ∗ΠτaΠτP τ ∈ Ψ−n−12 (M)
is a pseudodifferential operator with principal symbol equal to (the homogeneous extension
of) a(x, ξ)|ξ|−
n−1
2
g . Moreover, let V τ be the unitary operator defined in Proposition 2.2, then
V τ∗ΠτaΠτV τ ∈ Ψ0(M)
with principal symbol equal to (the homogeneous extension of) a(x, ξ).
Note that
V τ∗ΠτaΠτV τ = AτP τ∗ΠτaΠτP τAτ ,
so that the second statement follows from Proposition 2.2 or from the first by (12).
Remark 2.4. The factors of Πτ are redundant here because, by Theorem 2.1, P
τ maps into
the range of Πτ .
3. Balls and dilation in Grauert tubes
The purpose of this section is to introduce the balls and local dilation that are relevant to
the calculus of pseudodifferential operators with log-scale symbols.
Definition 3.1. We define Ka¨hler balls B(ζ0, ε(λj)) in the Grauert tube to be balls with
respect to the Ka¨hler metric ω = −i∂∂¯ρ. For reasons discussed in Section 1.2, we consider
Ka¨hler balls whose centers ζ0 ∈ Mτ0 \M do not lie on the totally real submanifold M . The
radii ε(λj) = (log λj)
−α shrinks logarithmically relative the frequency parameter λj.
We also need to introduce local dilation centered at points ζ0 ∈ Mτ0 . When working
with holomorphic or plurisubharmonic functions, we always use local holomorphic dilation.
But when working with dilated symbols we may use more general dilation that are more
convenient. A technical point to address is that the local dilation does not preserve the
family of Ka¨hler balls. But for centers close enough to the real domain M , the metric is
almost Euclidean on logarithmically shrinking balls.
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3.1. Holomorphic dilation. Let ζ0 = E(x0, ξ0) ∈Mτ0 be fixed and consider a local Ka¨hler
normal coordinate chart around ζ0 [GH]. In such a chart, the Ka¨hler potential satisfies
ρ(ζ, ζ) = | Im(ζ − ζ0)|2 + O(| Im(ζ − ζ0)|4), so that ∂∂¯ρ = g0 + O(| Im(ζ − ζ0)|2), where g0
is the standard Euclidean Hermitian metric. We denote the unit ball centered at ζ0 in this
local Euclidean metric by B(ζ0, 1).
The local holomorphic dilation of B(ζ0, 1) in Ka¨hler normal coordinates ζ centered at
ζ0 ∈Mτ0 \M is defined by
Dζ0ε(λ) : B(ζ0, 1)→ B(ζ0, ε(λ)), ζ 7→ ζ0 + ε(λ)(ζ − ζ0). (15)
This choice of local dilation is not adapted to Grauert tube geometry in that sense that
the ε-dilate of a point in ∂Mτ is not necessarily a point in ∂Mετ . But since the metric and
tube function are almost Euclidean in shrinking balls one has constants cg, Cg > 0 so that
cgε(λ)
√
ρ(ζ) ≤ √ρ(Dζ0ε(λ)ζ) ≤ Cgε(λ)
√
ρ(ζ)
provided
√
ρ(ζ) is small enough. Indeed, it suffices to verify the inequalities for the Euclidean
metric, where
√
ρ(ζ) = | Im ζ | and where Cg = cg = 1.
3.2. Phase space dilation. Theorem 5.1 introduces another type of dilation, which is more
conveniently expressed in terms of the usual cotangent coordinates (x, ξ). The dilation in
local coordinates centered at (x0, ξ0) ∈ ∂B∗τM is of the form
(x, ξ) 7→
(
x0 +
x− x0
ε(λ)
, ξ0 +
τ ξˆ − ξ0
ε(λ)
)
, (x0, ξ0) ∈ ∂B∗τM. (16)
Note that the unit vector ξˆ := ξ/|ξ| is scaled by the parameter τ = |ξ0|x0, with (x0, ξ0) the
fixed center of dilation.
This is closely related to, but not identical to, the dilation introduced in [Ha]. In that
article one fixes a point (x0, ξ0) ∈ S∗M = ∂B∗1M in the unit co-sphere bundle and dilates by
(x, ξ) 7→
(
x0 +
x− x0
ε(λ)
, ξ0 +
ξˆ − ξ0
ε(λ)
)
, (x0, ξ0) ∈ S∗M.
Both types of dilation are homogeneous in ξ. The one essential difference is that in (16), we
allow |ξ0|x0 = τ and τ ξˆ to be any positive numbers bounded away from zero; they need not
be the same. Thus, we are not only localizing in the direction of co-vectors but also in their
norms.
4. Poisson conjugation of log-scale Toeplitz operators to semi-classical
pseudodifferential operators with log-scale symbols
In this section, we generalize the conjugation result of Lemma 2.3 in two ways. On one
hand, we let the symbol depend on the frequency λ, similar to the δ(h)-(micro)localized
symbols (25) in the Riemannian setting. On the other hand, we consider Bergman-Toeplitz
operators, realized as direct integrals of Szego˝-Toeplitz operators. We show that conjugation
by the FBI transform takes a decomposable, log-scale Bergman-Toeplitz operator to a semi-
classical pseudodifferential operator with a log-scale symbol.
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It is convenient to introduce the semi-classical parameter
h := λ−1, h−2Ej = λ2j , δ(h) := |log h|−α = (log λ)−α = ε(λ). (17)
In this semi-classical notation, the Laplacian eigenfunctions satisfy ∆ϕj = h
−2Ejϕj = λ2jϕj .
4.1. Semi-classical Poisson-wave operator. The Poisson kernel (11) may be realized as
a semi-classical Fourier integral operator with the introduction of a semi-classical parameter
h. In the Euclidean case, we define the semi-classical Poisson kernel to be
P τh (x, y) = h
−n
∫
Rn
e
i
h
〈x−y,ξ〉e−τ |ξ|/h dξ.
Here, we use the semi-classical Fourier transform
Fhu(y) = h−n
∫
Rn
e−
i
h
〈y,ξ〉f(y) dy,
to diagonalize P τ = e−τ
√−∆. It is evident that P τh = P
τ by changing variables ξ → ξ/h.
Indeed,
P τh e
i〈x,k〉/h = e−τ |k|/hei〈x,k〉/h.
Thus P τh is still the homogeneous Poisson operator e
−τ√−∆.
The same change of variables is valid in the manifold setting (10) and we continue to
denote the Poisson operator in semi-classical form by P τh . The semi-classical version of the
zeroth order unitary operator V τ from Proposition 2.2 is denoted
V τh := P
τ
h (P
τ∗
h P
τ
h )
− 1
2 : L2(M)→ O0(∂Mτ ).
4.2. Log-scale symbols and semi-classical pseudodifferential operators. Let 0 ≤
a ≤ 1 be a smooth cutoff function that is equal to 1 on B(0, 1) ⊂ Cn and vanishes outside
B(0, 2) ⊂ Cn. We use (7) to identify Mτ0 with B∗τ0M . Using local coordinates induced by
expCx0 : T
∗
x0
M ⊗ C → Mτ , consider symbols that, near (x0, ξ0) ∈ ∂B∗τM , are locally of the
form
a
(x0,ξ0)
δ(h) (x, ξ) := a
(
x0 +
x− x0
δ(h)
, ξ0 +
ξ − ξ0
δ(h)
)
. (18)
Symbols of the type (18) satisfy the estimate
|Dβa(x0,ξ0)δ(h) | ≤ Cβδ(h)−|β|, (19)
and are said to belong to the symbol classes S0δ(h). More generally, a function b ∈ C∞(T ∗M)
belongs to the symbol class Skδ(h) if
sup
(x,ξ)∈T ∗M
|∂βx∂γξ b| ≤ Cβ,γδ(h)−|β|−|γ|(1 + |ξ|2x)(k−|β|)/2 (20)
for some constant Cβ,γ independent of h.
The semi-classical pseudodifferential operator quantizing a symbol a is defined by the
usual local (semi-classical) Fourier transform formula
Oph(a)(x, y) :=
1
(2πh)n
∫
Rn
e
i
h
〈ξ,x−y〉a(x, ξ, h) dξ.
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The quantization of a symbol b ∈ Skδ(h) is denoted by Oph(b) ∈ Ψkδ(h). We refer to [Ha] for
a discussion of the symbol classes Skδ(h) and [Zw] for symbol classes and quantizations in
general.
4.3. Semi-classical Poisson conjugation of log-scale Toeplitz operators.
Theorem 4.1. Let (x0, ξ0) ∈ ∂B∗τM be fixed. For symbols a(x0,ξ0)δ(h) ∈ C∞(Mτ0) of the form
(18), we have
P τ∗h Πτa
(x0,ξ0)
δ(h) ΠτP
τ
h = Oph
(
h
n−1
2 |ξ|−n−12 a
(
x0 +
x− x0
δ(h)
, ξ0 +
τ ξˆ − ξ0
δ(h)
))
∈ Ψ−
n−1
2
δ(h) (M) (21)
modulo hδ(h)−2Ψ
−n−1
2
δ(h) (M) and
V τ∗h Πτa
(x0,ξ0)
δ(h) ΠτV
τ
h = Oph
(
a
(
x0 +
x− x0
δ(h)
, ξ0 +
τ ξˆ − ξ0
δ(h)
))
∈ Ψ0δ(h)(M)
modulo hδ(h)−2Ψ0δ(h)(M). Note that the τ -scaling affects only ξˆ := ξ/|ξ|.
Remark 4.2. Note that the factors of Πτ are redundant because P
τ maps into the range of
Πτ . We prove only (21) as the second conjugation statement may be proved using the first
statement and the composition rule for pseudodifferential operators.
Proof of Theorem 4.1. The proof is essentially the same as in Lemma 2.3, since the dilation
has no effect on the properties of the conjugation. Indeed, conjugation by the Fourier integral
operator P τh preserves the symbol class S
∗
δ(h). Since a
(x0,ξ0)
δ(h) is a function on ∂Mτ , it defines a
homogeneous symbol of order zero on Στ in the fiber direction. Under conjugation by P
τ
h it
goes over to a pseudodifferential operator of order zero on M whose symbol is the transport
a
(x0,ξ0)
δ(h) (ιτ (x, ξ)) to T
∗M \0M , with ιτ given by (9). If πτ : Στ → ∂Mτ is the natural projection
then
ι∗τa
(x0,ξ0)
δ(h) (x, ξ) = a
(x0,ξ0)
δ(h) (E(x, τ ξˆ)), ξˆ =
ξ
|ξ| .
For τ, δ(h) small enough we may use the Euclidean approximation to the distance function.
If we center the local coordinates at (x0, ξ0) then the cutoff as a function on T
∗M has the
form
a
(x0,ξ0)
δ(h) (ιτ (x, ξ)) = a
(
x0 +
x− x0
δ(h)
, ξ0 +
τ ξˆ − ξ0
δ(h)
)
, ξˆ =
ξ
|ξ| . (22)
Thus, P τ∗h Πτa
(x0,ξ0)
δ(h) ΠτP
τ
h is a homogeneous pseudodifferential operator with dilated symbol.
We now provide more details. Since the calculation is local we first provide a proof in the
Euclidean case.
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4.3.1. Euclidean case. Write Z = x1 + iτp with |p| = 1 and centering the dilation at Z0 =
x0 + iξ0. We do not assume τ = |ξ0|. The composition has the form
P τ∗h Πτa
(x0,ξ0)
δ(h) ΠτP
τ
h (x, y)
= h−2nτn−1
∫
Rn×Rn×Sn−1×Rn
eΨ0/ha
(
x0 +
x1 − x0
δ(h)
, ξ0 +
τp− ξ0
δ(h)
)
dξ1dξ2dσ(p)dx1,
where dσ(p) is the standard surface area measure on Sn−1. The phase is
Ψ0(ξ1, ξ2, x1, p; x, y, τ) = −τ(|ξ1|+ |ξ2|) + i〈ξ1, x1 + iτp− y〉 − i〈ξ2, x− (x1 − iτp)〉
We note that
ReΨ0 = −τ(|ξ1|+ |ξ2|)− τ〈ξ1 − ξ2, p〉 ≤ 0
with equality if and only if ξˆ1 = −ξˆ2 = ±p, that is, the Schwartz kernel integral is of smooth
and of order O(h∞). We absorb the factor apply the complex stationary phase method to
the dx1dξ2dσ(p) integral. The critical point equations for ImΨ in (x1, ξ2) are{
dx1 ImΨ0 = 0 ⇐⇒ ξ1 = −ξ2,
dξ2 ImΨ0 = 0 ⇐⇒ x1 = x
The extra dp integral localizes at the above point. Since the dx1dξ2 integral has a non-
degenerate Hessian, we may eliminate the dx1dξ2 integrals by stationary phase, obtaining a
simpler oscillatory integral
h−2n+nτn−1
∫
Rn×Sn−1
eΨ1/ha
(
x0 +
x− x0
δ(h)
, ξ0 +
τp− ξ0
δ(h)
)
dξ1dσ(p),
with
Ψ1(ξ1, p; x, y, τ) = −2τ |ξ1| − 2τ〈ξ1, p〉+ i〈ξ1, x− y〉.
Applying the method of stationary phase (steepest descent) to the integral over Sn−1 gives
the critical point equation p = −ξˆ1, i.e., the point where the phase is maximal. It follows
that
P τ∗h Πτa
(x0,ξ0)
δ(h) ΠτP
τ
h (x, y)
= h−2n+n+
n−1
2 τn−1−
n−1
2
∫
Rn
ei〈ξ1,x−y〉/ha
(
x0 +
x− x0
δ(h)
, ξ0 +
τ ξˆ1 − ξ0
δ(h)
)
dξ1
modulo terms of order hδ(h)−2 (since each derivative of the symbol pulls out a factor of
δ(h)−1).
4.3.2. General Riemannian manifold. The proof is similar on any real analytic Riemannian
manifold. In place of the integral over Rn × Sn−1 we now have an integral over Z ∈ ∂Mτ or
(x1, sp) ∈ ∂B∗τM with |p| = 1 under the map Z = E(x1, sp). Using the parametrix (11), we
have
P τ∗h Πτa
(x0,ξ0)
δ(h) ΠτP
τ
h (x, y)
= h−2nτn−1
∫
T ∗xM×T ∗yM×∂Mτ
eΨ/ha
(
x0 +
x1 − x0
δ(h)
, ξ0 +
sp− ξ0
δ(h)
)
AAdξ1dξ2dµτ(Z)
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with
Ψ = −τ (|ξ1|x + |ξ2|y) + i〈ξ1, (expCy )−1(Z)〉 − i〈ξ2, (expCx )−1(Z¯)〉.
The phase is only well-defined when Z is sufficiently close to x and to y, but the phase is non-
stationary and the integral is exponentially decaying otherwise. The only points for which
the integral is not exponentially decaying are those Z satisfying Im〈ξ1, (expCy )−1(Z)〉 = τ |ξ1|
(and a similar condition holds with y replaced by x and ξ1 replaced by ξ2). Note that
(expCx )
−1(Z) ∈ Ux ⊂ T ∗xM ⊗ C.
The critical set CΨ of the phase is defined by
CΨ = {(x, y, τ ; ξ1, ξ2, Z) : dξ1,ξ2,ZΨ = 0}.
The associated canonical relation is defined by the embedding
ιΨ : CΨ → T ∗M × T ∗M, (x, y, τ ; ξ1, ξ2, Z)→ (x, dxΨ, y,−dyΨ). (23)
The composite operator is manifestly a Fourier integral operator with complex phase, and
is a pseudodifferential operator if and only if CΨ = ∆T ∗M×T ∗M (the diagonal).
Let Z = E(x1, τp). Then the critical point equations are
(i) dξ1Ψ = 0 ⇐⇒ (expCy )−1(Z) = −iτ ξˆ1 ⇐⇒ x1 = y, p = −iτ ξˆ2,
(ii) dZΨ = dZ
(〈(expCy )−1(Z), ξ2〉 − (expCx )−1(Z¯), ξ1〉) = 0,
(iii) dξ2Ψ = 0 ⇐⇒ (expCx )−1(Z¯) = −iτ ξˆ2.
Equations (i) and (iii) show that
Z = expCx (iτ ξˆ2) = exp
C
y (−iτ ξˆ1).
This implies that Z ∈ π−1τ (x) ∩ π−1τ (y), where πτ : ∂Mτ → M . Of course, these fibers are
disjoint unless x = y, so only in that case does there exist a solution of the critical point
equation. It then follows that ξˆ1 = −ξˆ2.
To see that ξ1 = −ξ2 on the critical point set, we use further use (ii). There only exists
a solution of the critical point equations when x = y, and then we may write Z = u+ iv ∈
T ∗xM ⊗ C and study the restricted critical point equation
dZΨ = 0 ⇐⇒ du,v (〈u+ iv, ξ2〉 − 〈u+ iv, ξ1〉) = 0.
Just using u ∈ T ∗xM already shows that ξ1 = ξ2 on the critical set.
To calculate (23) we may use the Euclidean approximation to the phase based at (x, ξ1)
because on CΨ only the first order terms in the Taylor expansion of Ψ contribute. But then
it is evident that dxΨ = ξ2 = −dyΨ|y=x = ξ1, proving that the canonical relation is the
diagonal.
The principal symbol of P τ∗h ΠτP
τ
h (x, y) is calculated in [Ze1] and the principal symbol of
P τ∗h Πτa
(x0,ξ0)
δ(h) ΠτP
τ
h (x, y) is the same multiplied by the value of a
(x0,ξ0)
δ(h) at the critical point.
Note that because of the symbol class we are working with, the sub-leading term is of order
hδ(h)−2 as each derivative of the symbol pulls out a factor of δ(h)−1. If we use V τh in place
of P τh as in Proposition 2.2 then the principal symbol is the one stated in Theorem 4.1. 
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4.4. Comparison of symbols. We note that symbols of the form (22) are not quite the
same as the log-scaled symbols abz0(x, ξ; h) of (25) considered in [Ha]. However, as long as
(x0, ξ0) are fixed at a positive distance from the real domain M , the same symbol estimates
(19) are valid. Also note that it is not necessary to multiply by a cutoff ϕ(|ξ|) to S∗M since
the cutoff abz0(x, ξ; h) is supported in a shrinking Ka¨hler ball around E(x0, ξ0). In fact, we
define the sequence hj so that eigenfunctions concentrate on the energy surface ∂Mτ0 with
|ξ0|x0 = τ0. There is no difficulty as long as τ0 > 0. We continue to use the notation Oph(a)
for semi-classical pseudodifferential operators with symbols of the form (22).
5. Decomposable Poisson-FBI transform and Bergman-Toeplitz operators
In this section we introduce a Poisson FBI transform taking L2(M) to a weighted Hilbert
space of holomorphic functions onMτ rather than to CR-holomorphic functions on ∂Mτ . As
explained in Section 5.1, it is defined in a novel way by a direct integral of Poisson transforms
P s, and therefore all of its main properties flow from those established above for the Poisson
kernel. The main result is the conjugation Theorem 5.1.
5.1. Weighted Bergman space and Poisson-FBI transform. The Poisson kernel en-
dows O0(Mτ ) with a plurisubharmonic weight e−
√
ρ/h. We define
A2(Mτ , h
−n−1
2 e−2
√
ρ/hdµ)
to be the Hilbert space of holomorphic functions on Mτ that lie in L
2(Mτ , e
−2√ρ/hdµ). It is
isometric to the Hilbert space
H√ρ := {fh−m−14 e−
√
ρ/h : f ∈ A2(Mτ} ⊂ L2(Mτ , dµ)
endowed with the inner product of L2(Mτ , dµ).
It is useful to regard H√ρ as a direct integral
H√ρ =
∫ ⊕
[0,τ0]
H2(∂Mτ ) dτ
of Hilbert spaces H2(∂Mτ ). Here,
∫ ⊕
[0,τ0]
H2(∂Mτ ) dτ denotes the space of L
2 sections f(τ) ∈
H2(∂Mτ ) of the Hilbert bundle, and the direct integral formula follows from Fubini’s theorem,
‖f‖2 =
∫ τ0
0
(∫
∂Mτ
|f(Z)|2 dµτ (Z)
)
dτ.
We then define the ‘moving Poisson operator’ or FBI transform by
Thf(ζ) = P
√
ρ(ζ)f(ζ) =
∫
M
P
√
ρ(ζ)(ζ, y)f(y) dV (y), ζ ∈Mτ0 .
We claim that Th : L
2(M) → H√ρ is a unitary operator. To see this, we use that P τ is
unitary from L2(M) to each integrand, and observe that
Th =
∫ ⊕
[0,τ0]
P τh dτ
is the direct integral of a family of unitary operators index by τ .
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5.2. FBI conjugation theorem. Next we define Bergman-Toeplitz operators. For a ∈
C∞(Mτ0) define
O˜ph(a) =
∫ ⊕
[0,τ0]
Πτ (a|∂Mτ )Πτ dτ.
Implicitly H2(∂Mτ ) ⊥ H2(∂Mσ) if τ 6= σ. This is a decomposable operator.
Theorem 5.1. For symbols a
(x0,ξ0)
δ(h) ∈ C∞(Mτ0) of the form (18), we have
T ∗h O˜ph(a
(x0,ξ0)
δ(h) )Th
= Oph
(∫ τ0
0
h
n−1
2 |ξ|−n−12 a
(
x0 +
x− x0
δ(h)
, ξ0 +
τ ξˆ − ξ0
δ(h)
)
dτ
)
∈ Ψ−
n−1
2
δ(h) (M). (24)
Note that (24) follows from (21) thanks to the identity
T ∗h O˜ph(a)Th =
∫ τ0
0
P τ∗h O˜ph(a)P
τ
h dτ.
Indeed, a multiplication operator is automatically decomposable and the Schwartz kernel is∫
Mτ0
P ∗h (x, ζ)a(ζ)Ph(ζ, y) dµ(ζ) =
∫ τ0
0
(∫
∂Mτ
P τ∗h (x, Z)a(Z)P
τ
h (Z, y) dµτ(Z)
)
dτ.
By Theorem 4.1, each integrand of the dµτ(Z) integral in the expression above is a semi-
classical pseudodifferential operator by (21). The entire dτ integral is therefore an integral
of an analytic family (in τ) of semi-classical pseudodifferential operators on M with the
prescribed principal symbol.
6. Log-scale quantum ergodicity in the real domain
A key part of our analysis is to relate log-scale quantum variance estimates in the complex
domain to those in the real domain, and reduce variance estimates to the small-scale quantum
ergodicity results on negatively curved Riemannian manifolds due to Hezari-Rivie`re [HeR]
and Han [Ha]. We briefly review their results in preparation for the next section.
As before, let δ(h) = |log h|−α, with the semi-classical parameter given by (17). Consider
compactly supported smooth functions that, near z0 = (x0, ξ0) ∈ S∗M , can be locally
expressed as
abz0(x, ξ; h) := b
(
x0 +
x− x0
δ(h)
, ξ0 +
ξˆ − ξˆ0
δ(h)
)
φ(|ξ|x) ∈ S0δ(h), (25)
where b ∈ C∞c (Rn × Rn−1) is some compactly supported smooth function and where φ ∈
C∞c ((1−1/2, 1+1/2)) is a smooth cutoff function that is identically 1 on (1−1/4, 1+1/4).2
It is easy to see that such a function belongs to the symbol class S0δ(h) by verifying the symbol
estimate (20). The following results pertains to δ(h)-microlocalized symbols (25).
2There is a misprint in [Ha] where the support is said to be (− 1
2
, 1
2
) around the zero section 0M . In fact,
it needs to be around S∗M .
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Theorem 6.1 ([Ha, Theorem 1.6]). Let (Mn, g) be negatively curved (not necessarily real
analytic). Let
0 < α <
1
2(2n− 1) , 0 ≤ β < 1− 2α(2n− 1) or α = 0, β = 1.
Set δ(h) = |log h|−α. Then for any orthonormal basis {ϕj} of h2∆, we have
hn−1
∑
Ej∈[1,1+h]
∣∣∣∣〈Oph(abz0)ϕj , ϕj〉 − −∫
S∗M
abz0 dµL
∣∣∣∣2 = O(δ(h)2(2n−1)|log h|−β).
Here, Oph is a suitable semi-classical quantization, and dµL is the Liouville measure.
A covering argument using balls of inverse logarithmic radii implies the next volume
comparison result.
Theorem 6.2 ([Ha, Corollary 1.9]; see also [HeR, Lemma 3.1]). Let (Mn, g) be negatively
curved (not necessarily real analytic). Let
0 < α <
1
3n
and r(λ) = (log λ)−α.
Ten, there exists a full density subsequence such that
cVol(B(x, rjk)) ≤
∫
B(x,rjk )
|ϕjk|2 dV ≤ C Vol(B(x, rjk))
uniformly for all x ∈M , where c, C > 0 depends only on (M, g).
Remark 6.3. An important technical point for this article is that the proofs of the theorems
hold for symbols in S0δ(h); the precise form of a
b
z0 is not relevant.
7. Log-scale quantum ergodicity in Grauert tubes: Proof of Theorem 2
We introduce some notation. Let
Θj(ζ) :=
∥∥ϕCj |∂M√ρ(ζ) ∥∥L2(∂M√ρ(ζ))
denote the L2-norm of ϕCj restricted to the boundary of the Grauert tube of radius
√
ρ(ζ).
Let
Uj(ζ) :=
ϕCj (ζ)
Θj(ζ)
denote the normalized complexified eigenfunction. We will also consider its restriction to
∂Mτ for each 0 < τ ≤ τ0 fixed:
uτj (Z) := Uj(Z) |∂Mτ=
ϕCj (Z) |∂Mτ∥∥ϕCj |∂Mτ ∥∥L2(∂Mτ ) , (Z ∈ ∂Mτ ). (26)
Note that the denominator in (26) is a constant (depending on τ), and the numerator is a
CR-holomorphic function on ∂Mτ .
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7.1. Variance estimates in Grauert tubes. We begin with a log-scale variance estimate
for symbols on ∂Mτ , which parallels [CZ, Theorem 4]. Using the E map (7) to identify B
∗
τ0M
with Mτ0 , we henceforth write
aζ0δ(h) := a
(x0,ξ0)
δ(h) ∈ C∞(Mτ0), ζ0 = E(x0, ξ0)
for small-scale symbols of the form (18). We write Z in place of ζ when restricting to the
boundary ∂Mτ , so for instance
aζ0δ(h)(ζ) |∂Mτ= aζ0δ(h)(Z), Z ∈ ∂Mτ .
Proposition 7.1. Let (Mn, g) be negatively curved and real analytic. Let
0 < α <
1
2(2n− 1) , 0 ≤ β < 1− 2α(2n− 1) or α = 0, β = 1.
Set δ(h) = |log δ|−α as in (17). Let {ϕj} be an orthonormal basis of eigenfunctions for ∆.
Then for every 0 < τ ≤ τ0 and every ζ0 ∈Mτ\M , we have
hn−1
∑
Ej∈[1,1+h]
∣∣∣∣∫
∂Mτ
aζ0δ(h)(Z)|uτj (Z)|2 dµτ (Z)−
1
µτ (∂Mτ )
∫
∂Mτ
aζ0δ(h)(Z) dµτ
∣∣∣∣2
= O(δ(h)2(2n−1)|log h|−β).
The remainder is uniform for any ζ0 in an ‘annulus’ 0 < τ1 ≤ √ρ(ζ0) ≤ τ0.
Proof. We use Proposition 4.1 to transport matrix elements on ∂Mτ to matrix elements
of pseudodifferential operators on L2(M). Since the restriction ϕCh(Z) to ∂Mτ is a CR-
holomorphic function, it satisfies Πτϕ
C
j (Z) = ϕ
C
j (Z). Moreover, e
−2√ρ(Z)/h = e−2τ/h on ∂Mτ .
Therefore,∫
∂Mτ
aζ0δ(h)(Z)|uτj (Z)|2 dµτ (Z) = ‖ϕCj ‖−2L2(∂Mτ )
〈
aζ0δ(h)Πτϕ
C
j ,Πτϕ
C
j
〉
L2(∂Mτ )
= e2τ/h‖ϕCj ‖−2L2(∂Mτ )
〈
aζ0δ(h)ΠτP
τ
hϕj ,ΠτP
τ
hϕj
〉
L2(M)
=
〈P τ∗h Πτaζ0δ(h)ΠτP τhϕj, ϕj〉L2(M)
〈P τ∗h ΠτP τhϕj, ϕj〉L2(M)
. (27)
The last equality follows from setting aζ0δ(h) ≡ 1, which implies
1 = e2τ/h‖ϕCj ‖−2L2(∂Mτ ) 〈P τ∗h ΠτP τhϕj, ϕj〉L2(M) .
By Proposition 4.1, P τ∗h Πτa
ζ0
δ(h)ΠτP
τ
h is an h-pseudodifferential operator with principal sym-
bol
h
n−1
2 |ξ|−n−12 a
(
x0 +
x− x0
δ(h)
, ξ0 +
τ ξˆ − ξ0
δ(h)
)
.
By taking aζ0δ(h) ≡ 1 in Theorem 4.1, the denominator P τ∗h ΠτP τh = P τ∗h P τh is found to be an
h-pseudodifferential operator with principal symbol h
n−1
2 |ξ|−n−12 . The quotient (27) may be
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rewritten using Proposition 4.1:∫
∂Mτ
aζ0δ(h)(Z)|uτj (Z)|2 dµτ (Z)
=
〈
Oph
(
h
n−1
2 |ξ|−n−12 a
(
x0 +
x−x0
δ(h)
, ξ0 +
τ ξˆ−ξ0
δ(h)
))
ϕj, ϕj
〉
L2(M)
+O(hδ(h)−2)〈
Oph
(
h
n−1
2 |ξ|−n−12
)
ϕj, ϕj
〉
L2(M)
+O(hδ(h)−2)
=
〈
Oph
(
a
(
x0 +
x− x0
δ(h)
, ξ0 +
τ ξˆ − ξ0
δ(h)
))
ϕj , ϕj
〉
L2(M)
+O(hδ(h)−2)
=
〈
V τ∗h Πτa
ζ0
δ(h)ΠτV
τ
h ϕj , ϕj
〉
L2(M)
+O(hδ(h)−2). (28)
As noted in Remark 6.3, Theorem 6.1 applies to symbols in the symbol class S0δ(h). But
V τ∗h Πτa
ζ0
δ(h)ΠτV
τ
h ∈ Ψ0δ(h)(M), so the proof is complete. 
Proposition 7.2. With the same notation and assumptions as in Proposition 7.1: For every
ζ0 ∈Mτ \M and aζ0δ(h), we have
hn−1
∑
Ej∈[1,1+h]
∣∣∣∣∣
∫
Mτ0
aζ0δ(h)(ζ)|Uj(ζ)|2 dµ(ζ)−
∫ τ0
0
∫
∂Mτ
aζ0δ(h)(Z)
µτ (∂Mτ )
dµτ(Z)dτ
∣∣∣∣∣
2
= O(δ(h)4n|log h|−β).
The remainder is uniform for any ζ0 in an ‘annulus’ 0 < τ1 ≤ √ρ(ζ0) ≤ τ0.
Proof. Rewrite the integral over Mτ0 as an iterated integral:∫
Mτ0
aζ0δ(h)(ζ)|Uj(ζ)|2 dµ(ζ) =
∫ τ0
0
∫
∂Mτ
aζ0δ(h)(Z)|uτj (Z)|2 dµτ (Z)dτ.
We make two observations. First, for the outer integral it suffices to integrate over τ ∈
[
√
ρ(ζ0)− 2δ(h),√ρ(ζ0) + 2δ(h)] thanks to the choice (18) of symbols. Second, the inner
integral may be replaced by matrix elements of V τ∗h Πτa
ζ0
δ(h)ΠτV
τ
h at the cost of O(hδ(h)−2)
in light of (28):∫
Mτ0
aζ0δ(h)(ζ)|Uj(ζ)|2 dµ(ζ) =
∫ √ρ(ζ0)+2δ(h)
√
ρ(ζ0)−2δ(h)
(〈
V τ∗h Πτa
ζ0
δ(h)ΠτV
τ
h ϕj, ϕj
〉
dτ +O(hδ(h)−2)
)
=
∫ √ρ(ζ0)+2δ(h)
√
ρ(ζ0)−2δ(h)
〈
V τ∗h Πτa
ζ0
δ(h)ΠτV
τ
h ϕj , ϕj
〉
dτ +O(hδ(h)−1).
We now subtract
∫ τ0
0
∫
∂Mτ
a
ζ0
δ(h)
(Z)
µτ (∂Mτ )
dµτ (Z)dτ from both sides of the equality and then square
both sides. The error is then of order h2δ(h)−2, which we move to the left-hand side of the
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equality to conserve space:∣∣∣∣∫
Mτ
aζ0δ(h)(ζ)|Uλj(ζ)|2 dµ(ζ)−
∫ τ0
0
∫
∂Mτ
aζ0δ(h)(Z)
µτ (∂Mτ )
dµτ (Z)dτ
∣∣∣∣∣
2
+O(h2δ(h)−2)
= (4δ(h))2
∣∣∣∣∣
∫ √ρ(ζ0)+2δ(h)
√
ρ(ζ0)−2δ(h)
(〈
V τ∗h Πτa
ζ0
δ(h)ΠτV
τ
h ϕj , ϕj
〉
−
∫
∂Mτ
aζ0δ(h)(Z)
µτ (∂Mτ )
dµτ (Z)
)
dτ
4δ(h)
∣∣∣∣∣
2
≤ (4δ(h))2
∫ √ρ(ζ0)+2δ(h)
√
ρ(ζ0)−2δ(h)
∣∣∣∣∣〈V τ∗h Πτaζ0δ(h)ΠτV τh ϕj, ϕj〉−
∫
∂Mτ
aζ0δ(h)(Z)
µτ (∂Mτ )
dµτ(Z)
∣∣∣∣∣
2
dτ
4δ(h)
= 4δ(h)
∫ √ρ(ζ0)+2δ(h)
√
ρ(ζ0)−2δ(h)
∣∣∣∣∣〈V τ∗h Πτaζ0δ(h)ΠτV τh ϕj , ϕj〉−
∫
∂Mτ
aζ0δ(h)(Z)
µτ (∂Mτ )
dµτ(Z)
∣∣∣∣∣
2
dτ.
For the inequality we used that dτ
4δ(h)
is a probability measure on the interval [
√
ρ(ζ0) −
2δ(h),
√
ρ(ζ0) + 2δ(h)], so Jensen’s inequality applies. Performing the Cesa`ro sum and using
Proposition 7.1, we find
hn−1
∑
Ej∈[1,1+h]
∣∣∣∣∫
Mτ
aζ0δ(h)(ζ) |Uj(ζ)|2 dµ(ζ)−
∫ τ0
0
∫
∂Mτ
aζ0δ(h)(Z)
µτ (∂Mτ )
dµτ (Z)dτ
∣∣∣∣∣
2
≤ 4δ(h)
∫ √ρ(ζ0)+2δ(h)
√
ρ(ζ0)−2δ(h)
Cδ(h)2(2n−1)|log h|−β dτ
= O(δ(h)4n|log h|−β) +O(h2δ(h)−2).
This completes the proof. 
7.2. Proof of Theorem 2 using Proposition 7.2. We now have enough tools to tackle
the key volume comparison estimate Theorem 2, which is a Grauert tube analogue of Theo-
rem 6.2. The proof uses the covering argument of [HeR, §3.2], [Ha, §5.2], [CZ, §4.2]. In what
follows we revert to using λ-notation. Recall from (17) that the semi-classical h-notation in
Proposition 7.1–7.2; in particular we have δ(h) = |log h|−α = (log λ)−α = ε(λ).
Proof of Theorem 2. Let τ0, τ1 be fixed with 0 < τ1 < τ0. In what follows we work with
centers ζk that lie in the fixed ‘annulus’ Mτ0 \ Mτ1 , on which the errors remain uniform
estimates. As in [Ha, Lemma 5.1], for every ε(λ), there exists a log-good cover
Uλ := {B(ζk, ε(λ))}R(ε(λ))k=1
of Mτ0 \Mτ1 by balls of radii cε(λ) such that
(i) The number R(ε(λ)) of elements in the covering satisfies c1ε(λ)
−2n ≤ R(ε(λ)) ≤
c2ε(λ)
−2n, where c1, c2 are independent of ε(λ).
(ii) Any B(ζ ′, ε(λ)) ⊂ Mτ0 \Mτ1 is covered by at most c3 (independent of ε(λ)) number
of elements of Uλ.
(iii) Any B(ζ ′, ε(λ)) ⊂ Mτ0 \Mτ1 contains at least one element of {B(ζk, 13ε(λ))}R(ε(λ))k=1 .
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We proceed to provide the extraction argument. For each
λj ∈ [λ, λ+ 1], 1 ≤ k ≤ R(ε(λ)), (29)
Set
Xj,k :=
∣∣∣∣∣
∫
Mτ0
aζkε(λ)(ζ)|Uj|2 dµ−
∫ τ0
0
∫
∂Mτ
aζkε(λj)(ζ)
µτ (∂Mτ )
dµτdτ
∣∣∣∣∣
2
.
(The two subscripts j, k correspond to the subscript j for the eigenvalue λj and the subscript
k for the points ζk.) Also, let β
′ > 0 be a parameter to be chosen later and define ‘exceptional
sets’ by
Λk :=
{
j : λj ∈ [λ, λ+ 1], Xj,k ≥ ε(λ)4n(log λ)−β′
}
.
We claim
#Λk
λn−1
≤ C(log λ)−β+β′. (30)
Indeed, this follows from Markov’s inequality P(Xj,k ≥ x) ≤ x−1EXj,k. We view Xj,k as real-
valued random variables index by j. The probability measure is the normalized counting
measure on the set of indices j satisfying (29). Thanks to Proposition 7.2, for all such j the
expected value of this random variable is
EXj,k = O(ε(λ)4n(log λ)−β),
with the error is uniform in ζk ∈ Mτ0 \ Mτ1 for k = 1, 2, . . . , R(ε(λ)). Finally, setting
x = ε(λ)4n(log λ)−β
′
in the inequality yields (30).
Moreover, the union
Λ :=
R(ε(λ))⋃
k=1
Λk
of the exceptional sets satisfies
#Λ
λn−1
≤ CR(ε(λ))(log λ)−β+β′ = Cε(λ)−2n(log λ)−β+β′ = C(log λ)2nα−β+β′. (31)
Recall from Proposition 7.2 that 0 < β < 1 − 2α(2n − 1), so β ′ > 0 can always be chosen
small enough such that the quantity (31) tends to zero whenever 2nα− (1−2α(2n−1)) < 0.
This corresponds to the range of α in the statement of Theorem 2.
Consider now the ‘generic set’
Σ := {j : λj ∈ [λ, λ+ 1]} \ Λ,
which is by construction a subsequence of full density:
#Σ
λn−1
≥ 1− Cε(λ)−2n(log λ)−β+β′ → 1.
If j ∈ Σ, then we must have∣∣∣∣∣
∫
Mτ0
aζkε(λj)(ζ)|Uj|2 dµ−
∫ τ0
0
∫
∂Mτ
aζkε(λj)(ζ)
µτ (∂Mτ )
dµτdτ
∣∣∣∣∣
2
≤ ε(λ)4n(log λ)−β′
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simultaneously for all k = 1, 2, . . . , R(ε(λ)), that is,∫
Mτ0
aζkε(λj)(ζ)|Uj|2 dµ ≤ C Volω(B(ζk, ε(λj))) + o(ε(λ)2n(log λ)−β
′/2).
If ζ ′ ∈ Mτ \M is an arbitrary point, then the ball B(ζ ′, ε(λj)) is contained in at most c2
number (independent of λ) of elements of the log-good cover Uλ, whence we obtain the upper
bound∫
B(ζ′,ε(λj))
|Uj|2 dµ ≤ C
c2∑
ℓ=1
Volω(B(ζkℓ, ε(λj)))+o(ε(λ)
2n(log λ)−β
′/2) ≤ C Vol(B(ζ ′, ε(λj)).
The constant C = C(M, g) is independent of ζ ′ throughout.
It remains to extract another full density subsequence Σ′ using symbols of the form
bζ0ε (ζ) := b(ζ/ε) in local coordinates centered at ζ0. Here, 0 ≤ b ≤ 1 is taken to be a smooth
cut-off function that equals 1 on B(0, 1/6) ⊂ Cn and vanishes outside B(0, 1/3) ⊂ Cn.
Repeating the same arguments, we see that for j ∈ Σ′, we have∫
B(ζk ,ε(λj)/3)
|Uj|2 dµ ≥ cVol(B(ζk, ε(λj)/6))− o(|log λ|−β′/2)
simultaneously for all k = 1, 2, . . . , R(ε(λ)). Let ζ ′ ∈ Mτ \ M be arbitrary. Every ball
B(ζ ′, ε(λj)) contains at least one element B(ζ ′, ε(λj)/3) ∈ Uλ of the log-good cover, whence∫
B(ζ′,ε(λj))
|Uj|2 dV ≥ cVol(B(ζk0, ε(λj)/3)) ≥ cVol(B(ζ ′, ε(λj))).
Again, it is easy to verify that c = c(M, g) is independent of ζ ′. This is the statement of the
volume lower bound.
The intersection Γ = Σ ∩ Σ′ is again a full density subsequence. By construction, every
j ∈ Γ satisfies the two-sided bound:
cVolω(B(ζ
′, ε(λj))) ≤
∫
B(ζ′,ε(λj))
|Uj|2 dµ ≤ C Vol(B(ζ ′, ε(λj))) for all ζ ′ ∈Mτ \M.
This completes the proof of Theorem 2. 
8. Log-scale equidistribution of complex zeros: Proof of Theorem 1
Recall from the previous section the two key objects of study:
Θj(ζ) := ‖ϕCj |√ρ(ζ) ‖L2(M√ρ(ζ)) and Uj(ζ) :=
ϕCj (ζ)
Θj(ζ)
.
By the Poincare´-Lelong formula [GH, p.388, Lemma], the current of integration [Zj ] over
the zero set Zj = {ζ ∈Mτ0 : ϕCj (ζ) = 0} is given by the identity
i
2π
∂∂¯ log|Uj|2 = i
2π
∂∂¯ log|ϕCj |2 −
i
2π
∂∂¯ log Θ2j = [Zj ]−
i
2π
∂∂¯ log Θ2j . (32)
To study the currents [Zj ] at logarithmic length scales, let Dζ0∗ε(λj) denote the corresponding
pullback operator corresponding to the local holomorphic dilation map (15). This allows us
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to work not on shrinking balls B(ζ0, ε(λj)) but on a fix-sized ball B(ζ0, 1), which is more
convenient. The (normalized) small-scale version of (32) becomes
i
2πλjε(λj)
∂∂¯Dζ0∗ε(λj) log|Uj|2
=
1
λjε(λj)
Dζ0∗ε(λj)[Zj]−
i
2πλjε(λj)
∂∂¯Dζ0∗ε(λj) log Θ
2
j as currents on B(ζ0, 1). (33)
We used the fact that the local dilation map Dζ0ε(λj), being holomorphic, commutes with ∂∂¯.
Remark 8.1. The λ−1j normalization is already present in (2), due to [Ze1]. Here there is
an additional factor of ε(λj)
−1, which comes from the proof of Proposition 8.4, specifically
(40).
8.1. Proof of Theorem 1 using Theorem 2. We rescale the convergence statement (3)
as in (33), so that the various objects are defined on a fixed-sized ball B(ζ0, 1) that does not
change with respect to the frequency λ.
We point out a subtlety involving the parameter α > 0 in the proof of Theorem 1 using
Theorem 2. Namely, if a full density subsequence satisfies volume comparison (5) at length
scale ε(λj) = (log λj)
−α, then it satisfies the zeros distribution result (3) at a coarser length
scale ε′(λj) := (log λj)−α
′
for any α′ < α. This inequality is strict – see the argument around
(41)–(42). To emphasize the role of the two scales, we restate Theorem 1–2 as follows.
Theorem 8.2. Let (M, g) be a real analytic, negatively curved, compact manifold without
boundary. Let ω := −i∂∂¯ρ denote the Ka¨hler form on the Grauert tube Mτ0 . Assume that
0 ≤ α′ < 1
2(3n− 1) , ε
′(λj) = (log λj)−α
′
.
Then there exists a full density subsequence of eigenvalues λjk such that for arbitrary but
fixed ζ0 ∈Mτ0\M , there is a uniform two-sided volume bound
cVolω(B(ζ0, ε
′(λjk))) ≤
∫
B(ζ0,ε′(λjk ))
|Ujk |2dµ ≤ C Volω(B(ζ0, ε′(λjk))). (34)
The constants c, C are geometric constants depending only on
√
ρ(ζ0); they are uniform for
ζ0 lying in an ‘annulus’ 0 < τ1 ≤ √ρ(ζ0) ≤ τ0.
Moreover, for any α satisfying
0 ≤ α < α′ < 1
2(3n− 1) , ε(λj) = (log λj)
−α,
the full density subsequence satisfying (34) also satisfies
1
λjkε(λjk)
Dζ0∗ε(λj)[Zλjk ]⇀
i
π
∂∂¯|Im(ζ − ζ0)|g0 as currents on B(ζ0, 1). (35)
Here, Dζ0∗ε(λj) denote pullback by the local holomorphic dilation (15) and g0 denotes the flat
metric. Equivalently, for every test form η ∈ D(n−1,n−1)(B(ζ0, 1)),∫
B(ζ0,1)
η ∧ 1
λjkε(λjk)
Dζ0∗ε(λj)[Zλjk ] =
∫
B(ζ0,1)
η ∧ i
π
∂∂¯|Im(ζ − ζ0)|g0 + o(1).
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Remark 8.3. By a partition of unity argument, Theorem 8.2 for general test forms supported
on Ka¨hler balls implies Theorem 1 for test forms on Mτ0 of the form fω
n−1 with f ∈ C(Mτ0).
The volume comparison (34) has already been proved in the previous section. Comparing
what is left to prove – namely (35) – with the identity (33), we see that it suffices to establish
the following Propositions 8.4–8.5.
Proposition 8.4. For the entire sequence of eigenvalues λj, for every ζ0 ∈Mτ0\M , we have
i
2πλjε(λj)
∂∂¯Dζ0∗ε(λj) log Θ
2
j →
i
π
∂∂¯|Im(ζ − ζ0)|g0 as currents on B(ζ0, 1).
Here, | · |g0 denotes the Euclidean distance.
Proposition 8.5. There exists a full density subsequence of eigenvalues λjk such that, for
every ζ0 ∈Mτ0\M , we have
(i) (λjkε(λjk))
−1 logDζ0∗ε(λjk )
|Ujk |2 → 0 strongly in L1(B(ζ0, 1));
(ii) (λjkε(λjk))
−1∂∂¯ logDζ0∗ε(λjk )
|Ujk |2 ⇀ 0 weakly in D(n−1,n−1)
′
(B(ζ0, 1)).
8.2. Proof of Proposition 8.4 using pseudodifferential operators. Using (13), we see
ϕCj (ζ) = e
λj
√
ρ(ζ)(P
√
ρ(ζ)ϕj)(ζ), ζ ∈ Mτ0 . (36)
Therefore,
Dζ0∗ε(λj)Θj(ζ)
2 = Dζ0∗ε(λj)
∥∥ϕCj |∂M√ρ(ζ) ∥∥2L2(∂M√ρ(ζ))
=
∥∥∥∥ϕCj |∂M
D
ζ0∗
ε(λj)
√
ρ(ζ)
∥∥∥∥2
L2
(
∂M
D
ζ0∗
ε(λj)
√
ρ(ζ)
)
=
〈
Π
D
ζ0∗
ε(λj )
√
ρ(ζ)
ϕCj ,ΠDζ0∗
ε(λj )
√
ρ(ζ)
ϕCj
〉
L2
(
∂M
D
ζ0∗
ε(λj)
√
ρ(ζ)
)
= e
2λjD
ζ0∗
ε(λj)
√
ρ(ζ)
〈
P
D
ζ0∗
ε(λj)
√
ρ(ζ)∗
Π
D
ζ0∗
ε(λj)
√
ρ(ζ)
P
D
ζ0∗
ε(λj)
√
ρ(ζ)
ϕj , ϕj
〉
L2(M)
. (37)
The last equality follows from (36).
The operators
A(ε(λj),
√
ρ(ζ)) := P
D
ζ0∗
ε(λj)
√
ρ(ζ)∗
Π
D
ζ0∗
ε(λj)
√
ρ(ζ)
P
D
ζ0∗
ε(λj)
√
ρ(ζ) ∈ Ψ−n−12 (M)
forms an analytic family in the parameter
√
ρ(ζ) ∈ (0, τ0] with A(ε(λj),√ρ(ζ)) → Id as√
ρ(ζ) → 0. It is easy to see using the Schur-Young test that (1 + ∆)−n+12 A(ε) ∈ Ψ−n(M)
is a uniformly upper bounded family of operators on L2(M) (see [Ze1, (34)]). Therefore,
writing A(ε(λj),
√
ρ(ζ)) = (1 + λj)
n+1
2 (1 + ∆)−
n+1
2 A(ε(λj),
√
ρ(ζ)), we find∣∣∣∣∣ 1λj log
〈
P
D
ζ0∗
ε(λj)
√
ρ(ζ)∗
Π
D
ζ0∗
ε(λj)
√
ρ(ζ)
P
D
ζ0∗
ε(λj)
√
ρ(ζ)
ϕj, ϕj
〉
L2(M)
∣∣∣∣∣ ≤ C log λjλj (38)
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for some C independent of ε. Combining (37) and (38) gives
1
2πλjε(λj)
logDζ0∗ε(λj)Θj(ζ)
2 =
1
πε(λj)
Dζ0∗ε(λj)
√
ρ(ζ) +O(λ−1j log λj). (39)
Recall from Section 2 that the Grauert tube function ρ is related to the complexified Rie-
mannian distance function r on MC ×MC by
ρ(ζ) = −1
4
r2(ζ, ζ¯), ζ = expCx (iξ) ∈Mτ0 .
Taylor expanding the metric yields
√
ρ(ζ) = |Im(ζ− ζ0)|g0 +O(|Im(ζ− ζ0)|2g0), in which | · |g0
denotes the flat metric. This gives rise to the λj →∞ asymptotics
Dζ0∗ε(λj)
√
ρ(ζ) = ε(λj)|Im(ζ − ζ0)|g0 +O(ε(λj)2), ζ = expCx (iξ) ∈Mτ0 . (40)
The statement of Proposition 8.4 is now an immediate consequence of (39) and (40).
8.3. Proof of Proposition 8.5 using subharmonic function theory. Proposition 8.5 is
modeled after arguments that have appeared in [SZe, Ze1, CZ]. Given ζ0 ∈Mτ0\M , consider
the family of plurisubharmonic functions
vj :=
1
λjε(λj)
logDζ0∗ε(λj)|ϕCj |2 ∈ PSH(B(ζ0, 1)).
(The functions vj are indeed subharmonic because ϕ
C
j are holomorphic by constrcution.) We
claim
(i) {vj} is uniformly bounded above on B(ζ0, 1);
(ii) lim supj→∞ vj(ζ) ≤ 2√ρ(ζ) on B(ζ0, 1).
Notice supB(ζ0,1)D
ζ0∗
ε(λj)
|Uj|2 = supB(ζ0,ε(λ))|Uj |2. To prove the first statement, it suffices to
obtain a uniform upper bound on each slice ∂Mτ ∩ B(ζ0, ε(λj)) that is independent of τ .
Since uτj ∈ O
n−1
4 (∂Mτ ), we see (cf. [Ze1, §5.1])
sup
∂Mτ∩B(ζ0,ε(λj))
|Uj |2 ≤ sup
∂Mτ
|uτj |2 ≤ λnj ‖uτj‖L2(∂Mτ ) = λnj .
Rewriting the left-hand side as Uj = ϕ
C
j /‖ϕCj ‖L2(∂M√ρ), taking the logarithm, dividing by λj ,
and finally using the limit formula of Proposition 8.4 finishes the proof of (i) and (ii).
It follows from a standard compactness theorem on plurisubharmonic functions [Ho, The-
orem 4.1.9] that either vj → −∞ locally uniformly, or there exists a subsequence that is
convergent in L1loc(B(ζ0, 1)). The first possibility is easily ruled out. Indeed, if it were true,
then
1
λjε(λj)
logDζ0∗ε(λj)|Uj|2 ≤ −1 on B(ζ0, 1) for all λj ≫ 1
⇐⇒ |Uj |2 ≤ e−λjε(λj) on B(ζ0, ε(λj)) for all λj ≫ 1,
contradicting the mass comparison assumption (34).
Remark 8.6. By a covering argument similar to the proof of Theorem 2, it is easy to see
that if a sequence {Uj} satisfies volume comparison (34), then it satisfies volume comparison
at all coarser length scales ε(λj) = (log λj)
−α for α′ < α < 1
2(3n−1) .
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Therefore, vj has a subsequence, which we continue to denote by vj , that converges in L
1 to
v ∈ L1(B(ζ0, 1)). By passing to yet another subsequence if necessary, we may assume that the
convergence to v is pointwise almost everywhere. The upper-semicontinuous regularization
v∗(ζ) := lim sup
η→ζ
v(η) ≤ 2√ρ(ζ)
of v is then a plurisubharmonic function on B(ζ0, 1) and vj → v∗ pointwise almost every-
where.3 The upper bound of 2
√
ρ(ζ) follows from claim (ii) above.
Set
ψ := v∗ − 2√ρ ≤ 0 on B(ζ0, 1).
Assume for purposes of a contradiction that ‖λ−1j ε(λj)−1 logDζ0∗ε(λj)|Uj |2‖L1(B(ζ0,1) ≥ δ > 0. It
follows that
Wδ := {ζ ∈ B(ζ0, 1) : ψ(ζ) < −δ/2} (41)
is an open set with nonempty interior. The shape of Wδ is unknown – it may have a very
small inradius – but it is a fixed (independent of λj) open set. To gain control over this
unknown set Wδ, we make use of the volume comparison assumption (34) that takes place
at the finer scale ε′(λj) = (log λj)−α
′
for α′ < α. From this assumption we know∫
B(ζ′,ε′(λj ))
|Uj |2ωn ≥ cVolω(B(ζ0, ε′(λj))) for all ζ ′ ∈Mτ0 \M .
Rescaling yields∫
B(ζ′,ε′(λj)ε−1(λj))
Dζ0ε(λj)|Uj|2ωn ≥ cVolω(B(ζ0, ε′(λj)ε−1(λj))). (42)
Notice in the above integral the radii ε′(λj)ε−1(λj) = log(λj)−(α
′−α) of the domain of integra-
tion shrinks to 0. Therefore, there exists ζ ′ ∈ Mτ0 \M for which B(ζ ′, ε′(λj)ε−1(λj)) ⊂ Wδ
for all λj sufficiently large.
On one hand, from the definition (41), we know that on all of Wδ – and in particular on
B(ζ ′, ε′(λj)ε−1(λj)) – we have the upper bound λ−1j ε(λj)
−1 logDζ
′∗
ε(λj)
|Uj|2 < −δ/2, i.e.,
Dζ0∗ε(λj)|Uj(ζ)|2 ≤ e−δλjε(λj), ζ ∈ B(ζ ′, ε′(λj)ε−1(λj)), λj ≫ 1. (43)
Clearly, the exponential decay upper bound (43) is incompatible with the logarithmic lower
bound (42) as λj →∞. This shows by way of contradiction that the original assumption
‖λ−1j ε(λj)−1 logDζ0∗ε(λj)|Uj |2‖L1(B(ζ0,1) ≥ δ > 0
does not hold, thereby proving Proposition 8.5 (i), from which Proposition 8.5 (ii) is an
immediate consequence. Combining (33), Proposition 8.4, and Proposition 8.5 (ii), we obtain
the zeros distribution statement of Theorem 8.2:
1
λjkε(λjk)
Dζ0∗ε(λj)[Zλjk ]⇀
i
π
∂∂¯|Im(ζ − ζ0)|g0 as currents on B(ζ0, 1)
for a full density subsequence satisfying volume comparison at the finer scale α′. This
concludes the proof of Theorem 1.
3A similar argument is used in [SZe, Lemma 1.4], which gives further details. See also [Kl] for background.
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Appendix A. Currents of integration over singular varieties
In general, the zero set X of a holomorphic function on a complex manifold V is called a
complex analytic variety (which could also be the common zeros of finitely many holomorphic
functions). See for instance [W]. It has a decomposition into a regular set R(X) and a
lower-dimensional singular set S(X), i.e., X = R(X)∪ S(X) where R(X) is a manifold and
dimS(X) < dimX (see [Ki, Theorem 2.1.8]). In [Ki, Theorem 3.1.1] it is proved that if X
a k-dimensional complex subvariety of a complex manifold V and u ∈ A2kc (V ) is a smooth
(2k)-form then
[X ](u) :=
∫
X
u =
∫
R(X)
ι∗u
is a closed current (due to Lelong [L]). King used Federer’s geometric measure theory [F] to
study such currents. A modern exposition can be found in [D, Example 1.16].
A.1. Shiffman’s Appendix. We asked B. Shiffman for further references on currents of
integration over singular analytic varieties. He wrote the following addition to the Appendix,
and refers to [S, Lemma A.2] for an elementary proof.
Here is a simpler way to show that [X ] = [Zf ] is a well-defined current: It suffices to show
that the set R(X) of smooth points has finite volume in a neighborhood U of a singular
point z0. By the Weierstrass preparation theorem applied to f , it follows that projections
from X ∩ U to coordinate hyperplanes have finite fibers of bounded cardinality (for good
coordinates) and therefore Vol(R(X) ∩ U) = ∫
R(X)∩U ω
n−1 <∞.
The fact that Poincare-Lelong holds at the singular points follows from the fact that the
singular set S(X) has Hausdorff (2n−3)-dimensional measure 0, and therefore ‖∂∂¯ log |f |‖(S) =
0, since the total variation measure of a current of order zero and dimension p vanishes on
sets of Hausdorff p-measure zero. (In fact, S(X) is a subvariety of real codimension 4).
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